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D-optimal designs and group divisible designs
(Hiroki Tamura)
1 Introduction
$\mathcal{X}_{n}$ $\pm 1$ $n$
$md(n)$ $n$ $\mathrm{D}$-optirnal design $md(n)$
Hadamard Ehlich$[4, 5]$ $4\backslash$






$(2n - 1)$ $(_{\backslash }n - 1)^{n-1}$ $(n - 1)I_{n}+J_{n}$
$(2n - 2)^{2}$ ( $n$ - $2_{/}^{\backslash n-2}$ $((n - 2)I_{n/2}+2J_{n/2})\otimes I_{2}$
$\det$ $D_{n}$ $(l)$ $D_{n}(l)$
$I_{k}$ $k$ $J_{k}$ $k$ 1
$D_{n}(l)$ $n\text{ }$ 3 $\text{ }$




$n$ $r\iota$ 63 7
$4n/7-3$ Cohn [3] $\text{ }$
2 group divisible design
Definition 1. $(P, S, A)\mathrm{B}_{\grave{\grave{1}}}$ group divisible design GDD $(v, k, m, n, \lambda_{1} , \lambda_{2})$
$\bullet$ $P$ $|P|=v=mn$
$\bullet$ $S$ $P$ $m$ (group ). $A$ $P$ $k_{J}(\geq 2)$ ( )
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$\bullet$ group 2 $\lambda_{1}$
$\text{ }$ group 2 $\lambda_{2}$
$|P|=|A|$ group divisible design square $\text{ }$
group divisible design symmetric
GDD $(v, k, m, n, \lambda_{1}, \lambda_{2})$ $B$ $BB^{T}=((r-\lambda_{1})I_{m}+$
$(\lambda_{1}-\lambda_{2}‘)J_{m})\otimes \mathrm{h}+\lambda_{2}J_{v}$
Group divisible design Bose Connor [1, Theorem
9]




(2) $(a, (-1)^{\frac{k-1}{9_{\sim}}}k)_{p}=(a+bk, (-1)^{\frac{l-1}{2}}l)_{p}$ $p$
$(\cdot, \cdot)_{p}$ Hilbert
$a=n-3,$ $b=4,$ $c=-1$
Cororally 2. $n=kl\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $XX^{T}=D_{n}(l)$ $n$
$X$
(f) $4k-3$
(2) $(n-3)x^{2}+(-1)$ y2 $=(n+4k-3)z^{2}$
Cororally 2 $(k, l)$ $n$ $(k, l)=(3,13)$ ,
$(21,3)$ , $(7,13)$ , $(7,17)$ , $(3,49)$ , $(7,21)$ , $(7,25)$ , $(13,15)$ , $(73,3)$ , $(7,371f(3,109)$ ,
$(13,27)$ , $(7,53)$ 7 $(7,57)$ , $(13,31)$ , $(31,13)$ , $(7,61)$ , $(3,145)$ , $(7,73)_{\gamma}(73,7),$ $\cdots$
Cororally 3. $XX^{T}=D_{n}(7)$ $n$ $X$
$n\geq 5110$
$(k_{7}l)=(3,13)$ $XX^{T}=D_{n}(l)$ $\mathcal{X}_{n}$ $X$ group
divisible design $2^{50}\cdot 3^{33}$
$md(39)$ $2^{38}\cdot 3^{3.4}.$ .1241[6]






Theorem 4. $n=kl=a+b+c$ $X$ C $XX^{T}=\{aI_{k}+bJ_{k})\otimes$
$I_{l}+cJ_{n}$ $X$
square $GDD(n, \frac{n-t}{2}? k, l, \frac{n-2t+b+c}{4}, \frac{n-2t+\mathrm{c}}{4})$ ( $t^{2}=a+bk+cn$ )
(1) $c,$ $b+cl\neq 0$ $XX^{T}=X^{T}X$
(2) $c\neq 0$ $X$ $k\mathrm{x}k$
(3) $n$ $b\neq 0$ $(a, b)=4$ $(ac, f^{2})$




Ehlich $D_{n}(k_{1}, \cdots, k_{l})$ $XX^{T}=Y.--$
$D_{n}(k_{1}., \cdots, k_{l})$ $X_{n}$ $X$ $\det Y$
$Y$ $v^{T}$ $X$
$\hat{v}=(\hat{v}_{1}\cdots\hat{v}_{l})$ $v$ $k_{1},$ $\cdots,$
$k_{l}$
Lemma 5. $A$ $AA^{T}=B$ $v^{T}$ $A$
$vB^{-1}v^{T}=1$
$\hat{v}$ $\{u^{(1)}, \cdots, u^{(s)}\}$
Lemma 6. $v^{(1)^{T}},$ $\cdots,$ $v^{(n)^{T}}$ $X$
$\sum_{i=1}^{n}v^{(i)}v^{\hat{(}i)}\wedge T=Z.--(Z_{ij})_{i,j=1,\cdots,l}$
$Z_{ii}=k_{i}(n+3k_{i}-3),$ $Z_{ij}=-k_{i}k_{j}(\mathrm{i}\neq j)_{\text{ }}$
$XX^{T}=D_{n}(k_{1}, \cdots, k_{l})$ $X\in \mathcal{X}_{n}$
$(k_{1}, \cdots, k_{l})$
$n$ $k_{17}\cdots$ , $k_{l}$ $\uparrow’\overline{\mathrm{T}}F^{1}lfi$. $/2^{n-1}$ $T\mp 7\pm-$ $\gamma \mathrm{X}^{\backslash }\pi’\backslash$
7 2,2,2,1 9 $\mathrm{O}$ $\mathrm{O}$
$3,3,1$ 8 $\mathrm{O}$ $\mathrm{O}$
$1,\cdots,1$ 8 $\mathrm{O}$ $\mathrm{O}$
$4,3$ 7 $\mathrm{O}$ $\mathrm{O}$
7 5 $\mathrm{O}$ $\mathrm{O}$
11 5,2,2,2 320 $\mathrm{O}$ $\mathrm{O}$
$1,\cdots 1)$ 243 $\mathrm{O}$ $\mathrm{O}$
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$XX^{T}=X^{T}X$ $X$
$(k_{1}, \cdots, k_{l})=(1, \cdots, 1)$ $n+1$ Hadamard
$(k_{1}, \cdots, k_{l})=(2,2,2,1),$ $(5,2,2,2),$ $(4,4,4,3)$
$n=7,11,15$ $\mathrm{D}$ -optimal design t [7] $\text{ }$ $(k_{1_{?}}\cdots, k\iota)=$
$(7,7,7,6),$ $(9,9,9,4)$ $n=27,31$ [6]
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